Abstract. We introduce the (general) homotopy groups of spheres as link invariants for Brunnian-type links through the investigations on the intersection subgroup of the normal closures of the meridians of strongly nonsplittable links. The homotopy groups measure the difference between the intersection subgroup and symmetric commutator subgroup of the normal closures of the meridians and give the invariants of the links obtained in this way. Moreover the higher homotopy-group invariants can produce some links that could not be detected by the Milnor invariants. Furthermore all homotopy groups of spheres can be obtained from the geometric Massey products on links.
Introduction
Let L = {l 1 , l 2 , . . . , l n } be an n-link in S 3 , where l i is the i th component of L. The link group G(L) is defined to be the fundamental group of the link complement S 
Let A(L, l i ) be the kernel of the homomorphism d i . Note that A(L, l i ) is the normal closure of the meridian of l i in G(L). Let L ′ = {l i1 , l i2 , . . . , l it } be a sublink of L. Consider the intersection subgroup
A(L, l ij ).
Given any element α ∈ A(L, L ′ ), one can choose a knot K in the link component S 3 L as a representative for the homotopy class α. The (n + 1)-linkL = L ∪ K admits the Brunnian-type property that the knot K becomes a trivial knot up to pointed homotopy in the link complement S 3 − d ij L for 1 ≤ j ≤ t. Namely, by removing any i j th component of L, the knot K separates away from d i L and is homotopic to the trivial knot up to pointed homotopy. Thus the intersection subgroup (1.1) helps to construct Brunnian-type links. The purpose of this article is to investigate the quotient group
Observe that the intersection subgroup (1.1) is given by the short exact sequence
with a set of generators for A S [L, L ′ ] being understood in some sense. Our determination of the group A(L, L ′ ) will be given in terms of the homotopy groups of spheres for some pairs of links (L, L ′ ). Recall that a link L is splittable if there is an embedding of S 2 into S 3 such that each side of S
3

S
2 has nontrivial intersection of L. We call a link L strongly nonsplittable if any nonempty sublink of L is not splittable. Observe that any link L has a decomposition as a disjoint union of nonsplittable sublinks. Let ν +1 be the number of nonsplittable components of L. We call the number ν the splitting genus of L denoted by ν(L) with ν(L) ≥ 0. A pair of links (L, L 0 ) in S 3 means a link L with a sublink L 0 . We call (L, L 0 ) strongly nonsplittable if any sublink L ′ of L with L 0 L ′ is not splittable. Intuitively the link L is obtained from L 0 by adding link components with each of them going around all nonsplittable components of L 0 . For instance let L 0 be a trivial 2-link. We may regard L 0 as the two separate rings holding on a tree. Let L be any (n + 2)-link by adding n link components with each of them going around the both rings on the tree. Then (L, L 0 ) is strongly nonsplittable. The nontrivial elements in the intersection subgroup A(L, L L 0 ) can be intuitively described as an extra loop going around the link L which would fall down to the ground by removing any one of the link components in L L 0 . Our main result is as follows: Theorem 1.1. Let (L, L 0 ) be a pair of links in S 3 such that L L 0 is an n-link with n ≥ 2 and (L, L 0 ) is strongly nonsplittable. Let L ′ be any sub t-link of L L 0 with 2 ≤ t ≤ n.
(1) In assertion (2) , the link invariant means the following: Given any element α ∈ A(L, L) ∼ = π n (S 3 ), letα be an element in the intersection subgroup A(L, L) that projects to α and let l be a knot in S 3 L that represents the elementα. Then the element α only depends on the ambient isotopy class of the (n + 1)-link L ∪ l. The meaning of link invariants in assertion (3) is similar.
Some consequences of (2) are as follows. Let L be a strongly nonsplittable n-link. Let L A be the set of ambient homotopy classes of the links L ∪ l with l a knot in S 3 L representing elements in the intersection subgroup A(L, L). From assertion (2) , there is a decomposition
where L For the case n = 3, the group A(L, L) ∼ = π 3 (S 3 ) = Z. For n > 3, the group A(L, L) ∼ = π n (S 3 ) is a finite abelian group from the well-known results of Serre [25] . For instance from the table of homotopy groups in [27] , π 4 (S 3 ) = π 5 (S 3 ) = Z/2 and π 6 (S 3 ) = Z/12. Up to the range that the homotopy groups are known (for instance the number of the link components of L ≤ 64), the groups A(L, L) are fully determined by the above theorem. It should be pointed out that the homotopy groups π n (S 3 ) remains unknown for general n. Note that the link group G(L 0 ) always has (countably) infinite elements when
contains the homotopy group π n (S m ) as summands with countably infinite occurrences for each 2 ≤ m ≤ n. In addition, the stable homotopy groups of spheres π n (S m ), 2 ≤ Our method for obtaining Theorem 1.1 is to consider the homotopy theory on the cubical diagrams of spaces induced by link complements through deleting link components. The classical Papakyriakopoulos Theorem [24] determines the homotopy type of link complements. For strongly nonsplittable pair of links (L, L 0 ), the cubical diagram of the link complements obtained by removing the link components of L L 0 has the special property that the spaces in the cubical diagram are all K(π, 1)-spaces except the terminal space. Then the homotopy theory is able to establish the connections between the fundamental groups and the higher homotopy groups of the terminal space in these special cases. Technically the strongly nonsplittable hypothesis is necessary for applying the current results in homotopy theory on n-cubes to this problem.
can be determined in terms of the third homotopy groups (Theorem 4.9).
It is a natural question for comparing the homotopy-groups invariant A(L, L 0 ) with other type of link invariants. We consider the Hopf link L n given as the preimage of the n distinct points in S 2 through the Hopf map S 3 → S 2 . This gives a canonical example of strongly nonsplittable n-link. Theorem 5.1 states that, for n ≥ 4, the group A(L n , L n ) has the trivial image in the homotopy link group in Milnor's sense and so π n (S 3 )-invariants can not be detected by Milnor's invariants for n ≥ 4. [13, Problem 1.96] asks to describe the links with vanishing Milnor's invariants.
We should point out that removing-component is a canonical operation on links or link diagrams and so it is possible to have other methods to study the group A(L, L L 0 ). We only investigate this object from the homotopy-theoretic views in this article. For highlighting the connections between links and the homotopy groups, we also provide a method how to construct homotopy group elements from A(L, L 0 ) (Theorem 6.5). Our construction from the elements in A(L, L L 0 ) to π n (S 3 L 0 ) is the geometric analogue of the Massey products [18] , which may be called geometric Massey products. Homologically there have been important applications of the Massey products to manifolds [4, 17] . A direct consequence of Theorems 1.1 and 6.5 is that all homotopy groups of any higher dimensional spheres can be obtained from geometric Massey products on links.
The article is organized as follows. In section 2, we give a brief review on the homotopy type of link complements. The proof of Theorem 1.1 is given in section 3. In section 4, we investigate the group A(L, L ′ ) for 2 or 3-sublinks L ′ . We compare the homotopy-group invariants and Milnor's invariants in section 5. In section 6, we give some examples of links labeled by homotopy group elements as well as some remarks for constructing homotopy group elements from links.
The Homotopy Type of Link Complements
Let L be a link in S 3 . Suppose that L is splittable. Then there is an embedding of
It follows that there is a connected sum decomposition
By continuing this procedure, one gets a connected sum decomposition
is called a complete splitting decomposition of L. U is nonsplittable, where the asphericity of U is defined as π 2 (U ) = 0. We give an elementary proof that U is a K(π, 1)-space if and only if π 2 (U ) = 0 for any connected noncompact triangulated 3-manifold U .
Proof. If U is a K(π, 1), then π 2 (U ) = 0 by definition of K(π, 1)-spaces. Assume that π 2 (U ) = 0. LetŨ be the universal cover of U with the covering map q :Ũ → U . ThenŨ is a connected noncompact 3-manifold because otherwise U = q(Ũ ) is compact which contradicts to that U is open in S 3 . Thus the third integral homology H 3 (Ũ ) = 0. Since U is triangulated, so isŨ . From the fact that
together with the fact that π 1 (Ũ ) = 0, the 3-dimensional complexŨ is homotopy equivalent to a wedge of 3-spheres. It follows thatŨ is contractible because H 3 (Ũ ) = 0 and hence U is a K(π, 1)-space. Proposition 2.2. Let L be a link in S 3 with a complete splitting decomposition given in (2.2). Then there is a homotopy decomposition
) is a smooth compact manifold with nonempty boundary and S
where S 2 j is the boundary of a small ball around q i . Now the assertion follows straightforward from the connected sum construction.
3. Proof of Theorem 1.1 3.1. K(π, 1)-Partitions of Spaces. Let (X, X 0 ) be a pair of spaces. An npartition of X relative to X 0 , denoted by X = (X; X 1 , . . . , X n ; X 0 ), means a sequence of subspaces (X 1 , . . . , X n ) of X such that (1) .
For any subset I ⊆ {1, . . . , n}, let
where
between n-partitions of spaces means a (pointed continuous) map f :
where the basepoints for X i and Y i are chosen in X 0 and Y 0 , respectively. An n-partition (X; X 1 , . . . , X n ; X 0 ) is called cofibrant if the inclusions X I ֒→ X J are cofibrations for any I ⊆ J ⊆ {1, 2, . . . , n}. Note that for a cofibrant partition each union X I = i∈I X i is the homotopy colimit of the diagram given by the inclusions
, where X ∅ = X 0 . An n-partition (X; X 1 , . . . , X n ; X 0 ) of X is called an K(π, 1) n-partition if the space X I is a path-connected K(π, 1)-space for any proper subset I {1, 2, . . . , n}. Namely all subspaces X I except the total space X = n i=1 X i are K(π, 1)-spaces. The spaces with K(π, 1)-partitions have the following important property: Theorem 3.1. Let (X; X 1 , X 2 , . . . , X n ; X 0 ) be a cofibrant K(π, 1) n-partition with n ≥ 2. Suppose that the inclusion X 0 → X i induces an epimorphism on the fundamental groups for each 1 ≤ i ≤ n. Let R i be the kernel of
(ii) For any 1 < k ≤ n and any subset
where J = {1, 2, . . . , n} − I, π 1 (X 0 ) acts on each R i by conjugation and on π k (X) via the homomorphism π 1 (X 0 ) → π 1 (X) induced by the inclusion X 0 ֒→ X. Moreover the isomorphism is natural with respect to the morphisms of n-partitions. In particular, there is a natural isomorphism of Z[π 1 (X 0 )]-modules
with respect to the morphisms of n-partitions. 
as groups. The naturality is given in the following sense: Let X = (X; X 1 , X 2 , . . . , X n ; X 0 ) and Y = (Y ; Y 1 , Y 2 , . . . , Y n ; Y 0 ) be two n-partitions satisfying the hypothesis in the theorem. Let f : X → Y be a morphism of n-partitions. Let
Here the homomorphism on the right column f * :
is induced by the map f and the homomorphism on the left column is described as follows. The map f :
and so it induces a group homomorphism f * in the left column of the above commutative diagram. In order to see the naturality, the notion of n-cube of spaces is used. Let {0, 1} be the category with objects {0, 1} and the (non-identity) morphism given by the order 0 < 1. Its n-fold Cartesian product is denoted by {0, 1}
n . Similarly we have the defined category {−1, 0, 1} n . Let Top * denote the category of pointed spaces. A n-cube of spaces X is a functor X : {0, 1} n −→ Top * . In other words, X is given by a n-cubical diagram of pointed spaces labeled by
for ǫ = (ǫ 1 , . . . , ǫ n ) with ǫ i = 0, 1 and pointed maps
n . For an n-partition X = (X; X 1 , . . . , X n ; X 0 ), the associated n-cube of spaces X is given in the canonical way that X (0,...,0) = X 0 , X (0,...,0, X j with the maps in the cubical diagram given by the inclusions. According to [6, Chapter 3] , each n-cube of spaces X admits a natural embedding X →X such that (i) each map X(α) →X(α) is a homotopy equivalence with natural homotopy inverse and (ii)X is fibrant in the sense that for each ǫ ∈ {0, 1} n the canonical map † X(ǫ) → lim α>ǫX (α) is a fibration. Moveover from [26] such a fibrant n-cubeX may be extended to an n-cube of fibrations in the sense of a functor from the category {−1, 0, 1} n to pointed spaces, also denoted asX, such that, for each 1 ≤ k ≤ n and and ǫ ∈ {−1, 0, 1} n ,X(ǫ 1 , . . . , ǫ k−1 , −1, ǫ k+1 , . . . , ǫ n ) is the fibre of the fibration
The construction X →X gives a functor from the category of n-cubes of spaces to the n-cubes of fibrations.
Proof of Theorem 3.1. We only need to show that the isomorphism in assertion (2) is a natural isomorphism of Z[π 1 (X 0 )]-modules. Let X be the n-cube of spaces induced by the n-partition X = (X; X 1 , . . . , X n ; X 0 ). (2) is a natural isomorphism of Z[π 1 (X 0 )]-modules and hence the result.
3.2.
Proof of Theorem 1.
We need to check the K(π, 1)-hypothesis. Let I {1, 2, . . . , n} be a proper subset. Then K = {l j | j ∈ I} is a nonempty sublink of L L 0 and so
is nonsplittable by the definition of strong nonsplittablity. Clearly
is an epimorphism because one can deform any loop in M i such that it does not intersect with l i . Thus we can apply Theorem 3.1. Note that
is the group R i in Theorem 3.1.
(
and L 0 is nonempty and nonsplittable, then M is a K(π, 1)-space. the assertion then follows from Theorem 3.1(ii). The first part of (2) is also a direct consequence of Theorem 3.1(ii).
For the first part of (3), from Theorem 3.1(ii),
By Proposition 2.2,
,
. By taking the universal covering, we have
It follows that
which gives the first isomorphism in assertion (3) .
From the Hilton-Milnor Theorem [9, 11, 22] (also see Whitehead's book [29, Sections 6-7, Chapter XI]) together with the suspension splitting theorem of loop suspensions [29,
which gives the second isomorphism. Similarly
Now we prove the link invariant property in (2) and (3). Let l be a knot that
L from the basepoint to a point in l. Then the loop homotopy class of the path product λ * l * λ
, a different choice of the paths λ gives a conjugation of the element α and so the knot l determines a unique conjugation class of α.
Assume thatL ∪l is a link in S 3 which is ambient isotopic to L ∪ l. There exists an ambient isotopy h t :
The ambient isotopy h t induces a homeomorphism given by
and
for any subset J ⊆ {1, 2, . . . , n}. Thus X = (X; X 1 , . . . , X n ; X 0 ) is a cofibrant K(π, 1) n-partition of X relative to X 0 . Let (R i ; a) be the kernel of
is a cofibrant K(π, 1) n-partition ofM relative toM 0 and the knotl inM 0 represents a conjugation class of an elementᾱ ∈ A(L,L L 0 ). Let
By homeomorphism (3.5), both M J andM J are strong deformation retracts of X J . By choosing a basepoint
Similarly there is a canonical isomorphism
for a basepoint x 0 ∈ M 0 × {0}. Let ζ be any path in X 0 from x 0 to x 1 and let
be the induced isomorphisms of the path ζ. Note that the resulting isomorphism
is independent on the choices of the paths ζ from x 0 to x 1 . From deformation
in the quotient group π n (X;
3 × {0} and S 3 × {1} into the cylinder S 3 × I, respectively. Note that X = S 3 ×I is simply connected. The action of π 1 (X 0 ) on π n (X) is trivial. Moreover π n (X) is independent on the choice of the basepoints. From equation (3.6), we have the same element given in the homotopy group under the canonical identification
Note that this element is independent on the choice of the ambient isotopy h t because the final maps f : S 3 → S 3 × I and g : S 3 → S 3 × I are independent on H. This proves the link invariant property in assertion (2). Case 2. L 0 = ∅ and splittable with splitting genus ν as in assertion (3). By Proposition 2.2,
It follows that π 1 (X) acts trivially on the quotient space
From equation (3.6), we have
in the homotopy group
L 0 → X. To finish the proof, we have to show that the above identification between ρ M (α) and ρM(ᾱ) is independent on the choices of the ambient isotopy h t . Let h ′ t be another ambient isotopy between L ∪ l andL ∪l. Consider the homeomorphism
By applying π n ( ) to the above diagram, the identification f * (ρ M (α)) = g * (ρM(ᾱ)) in the homotopy group
is independent on the choice of the ambient isotopy h t . This finishes the proof of Theorem 1.1.
4.1. Lemmas on Homotopy n-Pushouts. Recall that an n-corner is a functor X from the category {0, 1} n {(1, . . . , 1)} to (pointed) spaces. Namely X is a cubical homotopy commutative diagram of (pointed) spaces without counting the terminal space X (1,...,1) . In n = 1, X = X 0 is a single space. The diagrams of 2-corners and 3-corners are pictured as follows:
is a cofibration. The homotopy colimit of an n-corner X is called a homotopy npushout, denoted by hocolim X. Let X top be the full sub diagram of X consisting of the spaces in the top (n − 1)-cubical diagram except the terminal space, namely the object of X top consists of the spaces X ǫ1,...,ǫn−1,0 with (ǫ 1 , . . . , ǫ n−1 , 0) = (1, . . . , 1, 0) and the maps induced from that in X. Let X bottom be the full sub diagram of X consisting of the spaces X ǫ1,...,ǫn−1,1 with the maps induced from that in X. The vertical maps in X induces a canonical morphism of (n − 1)-corners Lemma 4.1. Let X be an n-corner and let f and g be given as above. Then there is a homotopy pushout diagram
Proof. From the construction in [28] , every n-corner is equivalent to a cofibrant n-corner. Thus we may assume that X is a cofibrant n-corner in which each map in the diagram is the inclusion of subspaces that are cofibrations. By Proof. We assume that both X and Y are cofibrant n-corners. Moreover we may assume that the morphism f : X → Y is a cofibration in the sense that each map
and hence the result.
Let L be any n-link in S 3 with splitting genus of ν ≥ 0. If ν ≥ 1, consider the connected sum decomposition (2.1). Let
be the inclusion of the 2-sphere into the i th separating 2-sphere in the decomposition for 1 ≤ i ≤ ν. Let
be obtained by attaching ν 3-cells. The space S 3 L is no longer a 3-manifold but from Proposition 2.2, we have
which is a model for the classifying space of the link group G(L).
Let X L i,j be the homotopy pushout of the above 2-corner. The homotopy type of
Lemma 4.3. Let L = {l 1 , . . . , l n } be an n-link in S 3 with n ≥ 2 and let 1 ≤ i = j ≤ n.
(i) Suppose that l i and l j are linked together lying in the same nonsplittable components of L with the property that there are no nonsplittable components of d i,j L that can be linked with both l i and l j . Then
An example of 3-link for the case in assertion (3i) is to take a trivial 2-link labeled by l i and l k with adding the third component l j linked with both l i and l k . An example of 4-link for the case in assertion (3ii) is to take a trivial 2-link with adding two more components l i and l j linked with both components of the trivial 2-link.
Proof. (1) . In this case, the links L, d 1 L and d 2 L are not splittable. Thus
(2). In this case,
3 is the homotopy pushout of 2-corners * ←− S 2 −→ * and S
By Lemma 4.2, there is a cofibre sequence
and so X L 1,2 ≃ * . (3). The proof is given as case-by-case, where assertions (3i) and (3ii) follow from Sub-Sub-Case 3.2.1 and Sub-Sub-Case 3.2.3, respectively. Case 1. Both l i and l j are splittable in L. Then
Let A be the homotopy pushout of
by taking out the 2-spheres in the above 2-corner. Then
which is homotopy equivalent to the union of the separating 2-spheres in S 
Case 2. One and only one of l i and l j is splittable in L. We may assume that l i is splittable in L and l j is not splittable in L. Then there is a connected sum decomposition
Then l j lies in one of the sublinks
. We may assume that l j ∈ L [1] . This gives a connected sum decomposition
with h ≥ 1. By inputting this decomposition formula into equations (4.5) and (4.4),
by taking out the 2-spheres as in the 2-corner (4.3), where p is a canonical retraction by pinching one of the 2-sphere to a point and f is a canonical inclusion. Then
which is homotopy equivalent to the union of the separating 2-spheres in S 3 d i,j L gluing together along an arc. Thus 
be the complete connected sum decomposition. Since both l i and l j are not split-
be the complete connected sum decomposition with h ≥ 0. Then
with a connected sum decomposition
[k] . In this case l i and l j lie in different nonsplittable components of L. We may assume that
be the complete connected sum decomposition. By inputting decomposition (4.8) into decomposition (4.7), we have the complete connected sum decomposition
On the other hand, by filling back l i to d i,j L, we have the complete connected sum decomposition
by taking out the 2-spheres as in the 2-corner (4.3), where both f 1 and f 2 are the canonical inclusions. Then
which is homotopy equivalent to the union of the separating 2-spheres in S 3 d i,j L gluing together along an arc. Thus
[k] . In this case l i and l j lie in the same nonsplittable components of L. We may assume that
be the complete connected sum decomposition. Similar to the arguments in the above case, we have
, l i must be linked with each of the remaining nonsplittable componentsL
as well as the union
Sub-Sub-Case 3.2.1. l i can be deformed away from the sublink
In this case, l i and l j are linked together lying in the same nonsplittable components of L with the property that none of nonsplittable components of d i,j L can be linked by both l i and l j . Then, by filling back l i , we have the completed connected sum decomposition
which is not splittable.
by taking out the 2-spheres as in the 2-corner (4.3), where g i are canonical inclusions. Then
.
From Lemma 4.2, we have
Sub-Sub-Case 3.2.2. l i can NOT be deformed away from the sublink
and is linked with only one of the nonsplittable components
Then, similar to the above arguments,
Sub-Sub-Case 3.2.3. l i can NOT be deformed away from the sublink
and is linked with more than one of the nonsplittable components
In this case, both l i and l j lie in the same nonsplittable component of L and there are at least two nonsplittable components in d i,j L that are linked by both l i and l j . Then, similar to the above arguments, we have ν(d j (L)) < ν(L) + t and
. Let n > 3. Then the following statements are equivalent: 
which is a free abelian group of (countably) infinite rank.
is either trivial or a free abelian group of (countably) infinite rank.
Let L be an n-link in S 3 with n ≥ 3 and let {i, j, k} ⊆ {1, 2, . . . , n} be three distinct labels. Let X L i,j,k be the homotopy pushout of the 3-corner
? -Our first step is to determine the homotopy type of X 
Lemma 4.3 can be reformulated as follows: Define ν(∅) = −1 for an empty link. Let χ
for any n-link L with n ≥ 2 and any {i, j} ⊆ {1, 2, . . . , n} with i = j. Let (4.14)
Proposition 4.6. Let L be an n-link in S 3 with n ≥ 3 and let {i, j, k} ⊆ {1, 2, . . . , n} be three distinct labels.
. By Lemma 4.3(3iii), the top map in the push-out diagram (4.12) is a homotopy equivalence. Thus
and the assertion follows from equation (4.13). (2). We first show that χ 
Note that b is the number of the nonsplittable components of d i,j L that are linked with both l i and l j . Proposition 4.7. Let L be an n-link in S 3 with n ≥ 3 and let {i, j, k} ⊆ {1, 2, . . . , n} be three distinct labels. Suppose that χ
Proof. Since χ 
be the complete splitting decomposition with f , 0 ≤ f ≤ e + 1, factors that are linked by both l i and By putting Propositions 4.6 and 4.7 together, we have the following.
for any distinct labels {i, j, k} ⊆ {1, 2, . . . , n}.
Recall that A(L, l i ) is defined to be the kernel of
Thus there is a canonical epimorphism
with the kernel given by
Theorem 4.9. Let L be an n-link in S 3 with n ≥ 3 and let {i, j, k} ⊆ {1, 2, . . . , n} be three distinct labels. Then there is an isomorphism of Corollary 4.10. Let L be an n-link in S 3 with n ≥ 3 and let {i, j, k} ⊆ {1, 2, . . . , n} be three distinct labels. ThenĀ(L, L d i,j,k L) is either 0, Z or a free abelian group of (countably) infinite rank.
Example 4.1. In this example, we determine the group A(L, L) for any 3-link L.
Let L be a 3-link and let (i, j, k) = (1, 2, 3). Then d 1,2,3 L = ∅ and so
In this case L is given by three knots with none of them linked each other. Then
Case 2. ν(L) = 1. In this case L consists of one knot together with two other linked knots. We may assume that l 1 and l 2 are linked and l 3 can be deformed away from 
Case 3. ν(L) = 0. In this case L is not a splittable 3-link. Then 
In other words, L is a nonsplittable 3-link such that it becomes splittable by removing any one of its components. The Brunnian 3-links are the examples in this case. By Theorem 4.9, we have
are 1 and two of them is 0. In other words, L is a nonsplittable 3-link such that it becomes splittable by removing one component but it stands nonsplittable by removing any of the other two components. In this case, we have 
if and only if L is a strongly nonsplittable 3-link. The Hopf 3-link, which is given by taking the pre-image of the 3 points in S 2 from the Hopf map S 3 → S 2 , is an example in this case. In this case,
either by Theorem 1.1 or 4.9. The computation is finished.
Homotopy-group Invariants and Milnor's Invariants
Let L be an n-link in S 3 . Recall that Milnor's link group [20] , denoted by G(L), is defined as follows:
In this section, we construct examples of (n + 1)-links given in the form L ∪ l that have nontrivial homotopy-group invariants with the property that l represents the trivial element in Milnor's link group G(L). In other words, we provide examples of the links L ∪ l labeled by the nontrivial elements in π n (S 3 ) in which l is linked with L but as homotopy links [10] in Milnor's sense l is unlinked with L.
Consider the Hopf fibration
. . , i k } be any nonempty subset of {1, . . . , n}. From the fibration
It follows that L n is a strongly nonsplittable n-link.
when n ≥ 4.
For a group G, let γ
Proof. From fibration (5.3), there is a commutative diagram of short exact sequences of groups
It follows that the link group
Note that
is a free group of rank n − 1. By [16, Theorem 5.7] ,
is a free abelian group. From decomposition (5.4),
We claim that
From Theorem 1.1(1),
and so the quotient group
contains an element of infinite order. By Theorem 1.
. By the Serre Theorem, π n (S 3 ) is a finite group. This gives a contradiction. Hence the statement in (5.6) holds.
Next we claim that γ n G(L n ) = {1}.
If this is true, then the assertion follows because
. Choose the points q 1 , . . . , q n in the real line
where x i is represented by a loop λ i that goes through the geodesic curve from ∞ to a point q ′ i in a small neighborhood of q i followed by a small circle around the point q i counterclockwise and then return back to ∞ through the geodesic curve. Consider the commutative diagram of short exact sequences (5.8)
where x i is the normal closure of
be the group homomorphism such that θ(y i ) = x i for 1 ≤ i ≤ n − 1. From the presentation of π 1 (S 2 Q n ), θ is an isomorphism and so it induces an epimorphism
Note that the group K n−1 is Milnor's link group of the trivial (n−1)-link. According to [20, Lemma 5] ,
From the epimorphismθ, we have
and so is γ n G(L n ). The proof is finished now.
J. WU † Example 5.1. We check the missing case n = 3 in the above theorem. From the above proof, there is an epimorphism
From the presentation of 
Moreover the image of α is given byθ([y 1 , y 2 ]). Since [y 1 , y 2 ] is a generator for γ 2 K 2 ∼ = Z, the elements α k has nontrivial image in G(L 3 ) for k = 0. Hence, in the case n = 3, the homotopy-group invariants π 3 (S 3 ) are detected by Milnor's invariants.
Examples of Links Labeled By Homotopy Group Elements and
Some Remarks
In this subsection, we give some examples of link invariants given by homotopy groups elements. Let L n be the n-link in equation (5.2) . From Theorem 1.1, we have
According to [27] , the generator for π 3 (S 3 ) ∼ = Z is labeled by ι, the generator for π 4 (S 3 ) ∼ = Z/2 is label by η and the generator for π 5 (S 3 ) ∼ = Z/2 is labeled η 2 given by the composite
. We label the link L n ∪ l by the homotopy group element α. Thus we have 4-links given in form L 3 ∪ l labeled by ι k for k ∈ Z. According to Example 5.1, the homotopy group invariants ι k give no more information than Milnor's invariants. The first interesting cases are 5-links labeled by η ∈ π 4 (S 3 ) and 6-links labeled by η 2 ∈ π 5 (S 3 ). Below we construct the words in A(L n , L n ), n = 4, 5, in terms of meridians that give the generators for
Our construction uses the simplicial group techniques. The standard references for the theory of simplicial objects are [3, 19] .
Recall that a simplicial group means a sequence of group G = {G n } n≥0 together with face homomorphisms d i : G n → G n−1 , 0 ≤ i ≤ n, and degeneracy homomorphisms s i : G n → G n+1 , 0 ≤ i ≤ n, such that the following simplicial identities for d i and s j hold. For a simplicial group G, define the Moore chains by
From the simplicial identities, one gets d 0 (N n+1 G) N n G for any n ≥ 0 and so a chain complex
of (possibly noncommutative) groups with boundary homomorphism given by d 0 | NnG . Let
The homology of the chain complex (6.2) is given by
The simplicial n-simplex with ∆[n] is defined by
with faces and degeneracies given in the canonical way by removing and doubling the coordinates. Let σ n = (0, 1, . . . , n) ∈ ∆[n] n be the only non-degenerate element
be the simplicial n-sphere. Let G = {G n } n≥0 be a simplicial group. For any element z ∈ G n , there is a unique simplicial map The proof is finished.
LetF n be the quotient of the free group F (x 1 , . . . , x n ) subject to the single relation x 1 x 2 · · · x n = 1.
From presentation (5.7), π 1 (S 2 Q n ) ∼ =Fn. Note that, as a group,F n is a free group generated by x 1 , . . . , x n−1 with additional word x n = (x 1 · · · x n−1 ) −1 . From [1, subsection 6.1], the sequence of groupsF = {F n } n≥1 , with (F ) n =F n+1 , forms a simplicial group in which the faces d i :F n+1 →F n and the degeneracies s i :F n+1 → F n+2 are given (6.6) Now we start to construct an element in n+1 i=1 x i that generates the quotient group
[[ x 1 , x 2 ], . . . , x n+1 ] S ∼ = π n (F ) ∼ = π n (ΩS 2 ) for n ≤ 4. Note that (F ) 0 =F 1 = {1} and (F ) 1 =F 2 ∼ = F 1 = Z. Thus π 1 (F ) = Z is generated by x 1 . By applying Lemma 6.1 together with the degeneracies in formula (6.6), we have the following: with the 6-link L 5 ∪ l ′ labeled by η 2 .
6.2. Some Remarks. Let (L, L 0 ) be any strongly nonsplittable in S 3 with L L 0 = {l 1 , . . . , l n }. In this subsection, we provide a method how to construct the elements in π n (S Proof. The assertion is obvious for n = 1. For n = 2, the assertion follows from the homotopy pushout diagram 
?
For n > 2, the assertion follows inductively by Lemma 4.1.
Let M = S
From the naturality of ρ, there is a commutative diagram
A(L, L 0 )
It follows that [θ(f )] = θ(f ) * (ι n ) = θ(f ) * (ρ S(n) (ι 1 )) = ρ M(L) (f * (ι 1 )) = ρ M(L) (α) and hence the result. gives a cubical resolution for the 2-cell complex given by the homotopy cofibre of θ(f ) : S n → S 3 L 0 , which might be useful for studying the 2-complexes given in the form of (S 3 L 0 ) ∪ e n+1 .
